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The gravity-scalar field system in spherical symmetry provides a natural setting for exploring
gravitational collapse and its aftermath in quantum gravity. In a canonical approach, we give con-
structions of the constraint and Hamiltonian operators. Matter-gravity entanglement is an inherent
feature of physical states, whether or not there is a black hole. Matter fields alone are an open
system with a non-unitary evolution. However, if there is a successful theory of quantum gravity,
there is no information loss.
Introduction
Questions about black hole entropy are a fascinating
tangle of general relativity, quantum field theory, thermo-
dynamics, loops, strings and (quantum) information the-
ory [1]. It was long known that relativity requires some
modifications of thermodynamic quantities [2]. Both the
developments that followed the Bekenstein – Hawking en-
tropy and holographic principles on the one hand, and a
more conventional astrophysical thermodynamics on the
other, brought to light various unusual features of the
thermodynamics of gravitating systems [3].
Black hole evaporation process [4, 5] makes us to re-
examine the basic tenets of quantum mechanics [6]. Ap-
plication of quantum information theory to the problem
of alleged information loss led to interesting insights and
allowed for a better understanding of different types of
entropic quantities. An advantage of using quantum in-
formation theory is that it not only provides a framework
to quantify the intuitive ideas of information, but is also
applicable when thermodynamics becomes dubious [7].
In this contribution I would like to discuss black hole
information loss problem in its relationship to a quantum
theory. I begin with a careful description of this problem
and a summary of its implications. Then I describe a
particular approach to tackling it, which is based on a
joint work with Viqar Husain [8].
Outline and summary
Following [9], the most concise description of the prob-
lem is as follows. Black holes evaporate (completely?) via
the Hawking process within a finite time. If the correla-
tions between the inside and outside of the black hole are
not restored during the evaporation process, then by the
time that the black hole has evaporated, an initial pure
state will have evolved to a mixed state, i.e., “informa-
tion” will have been lost.
We need to supply a few crucial details. A black hole
in question can be treated as arising from the collapse
of a matter distribution on the asymptotically flat space-
time. Hence there is no “problem of time” that needs to
be resolved. The dynamics, while being constrained, is
governed by a Hamiltonian.
In discussing the apparent paradox the focus is mostly
on matter fields on a given (time-dependent) background.
The correlations in question are the ones between the
matter field(s) modes, typically inside and outside the
horizon. This is consistent with the original derivations
of the Hawking radiation and information loss discussion,
but misses the fact that matter fields alone are an open
system, and as matter – gravity correlations are estab-
lished, their entropy can increase. Only a joint treatment
of matter and geometry can provide a meaningful answer
to this problem [10, 11].
There is an additional aspect that follows from the
set-up we just outlined. A classical problem is described
by a Hamiltonian, and not by a Hamiltonian constraint.
Hence the quantized dynamics has a unitary time evo-
lution, and there cannot be any overall information loss.
The increase in the entropy of matter is not an expression
of information loss, but a measure of the created entan-
glement, i.e. redistribution of information. This conclu-
sion is predicated on existence of some quantum theory
of gravity. All current candidates — loops, strings and
foams — are constructed as unitary theories, and there
is no space in them for the information paradox.
It is also important to realize that for all practical pur-
poses some of the information will be lost. There might
be a lower bound on the lost information that is deter-
mined by a fundamental physics and not just by experi-
mental or budgetary constraints. Indeed, the fundamen-
tal discreteness of space time, as well as quantumness
of our measurement devices make us pensive an ideal
unitary evolution as non-unitary [12]. In addition, the
reasoning of [13] is applicable to black holes as well as to
a quantum cosmological setting: the state may be pure,
but will appear to posses a non-zero entropy.
Part of this entropy results from the unavoidable
matter-geometry correlations, which follow from the con-
straint, as we discuss below. In particular, that forces us
to recast the very basic story of the collapse and evapo-
ration: if gravity is taken into account, there is no zero-
entropy matter, only a low-entropy one. As a result, the
thesis “pure states do not wear black” gets an additional
meaning.
2Classical setting
Our starting point is the Arnowitt-Deser-Misner
(ADM) hamiltonian formulation for general relativity.
The phase space of the model is defined by prescribing
a form of the gravitational phase space variables qab and
π˜ab, together with fall-off conditions for these variables,
and for the lapse and shift functions N and Na. The
bulk ADM 3+1 action for general relativity minimally
coupled to a massless scalar field is
S =
1
16πG
∫
d3xdt
[
π˜abq˙ab + P˜φφ˙−NH −NaCa
]
.
(1)
The pair (φ, Pφ) are the scalar field canonical variables,
and the hamiltonian and spatial diffeomorphism con-
straints take their standard form. This action (together
with the boundary terms, see e.g. [14, 15]) is well-defined
and determines the fall-off conditions on canonical vari-
ables. The reduction to spherical symmetry utilizes an
auxiliary flat Euclidean metric eab and unit radial normal
sa = xa/r, where r2 = eabx
axb. The parametrization is
given by two geometric dynamical variables, Λ(r, t) and
R(r, t), and their canonical conjugates. Hence a spatial
line element is given by
ds2 = Λ2(r, t)dr2 +R(r, t)2dΩ2. (2)
The Painleve-Gullstrand (PG) coordinates are those
where equal coordinate time slices are spatially flat [14,
15]. It is sufficient to use the partial gauge fixing Λ = 1
to obtain non-singular coordinates at the horizon, which
is the feature of PG coordinates we desire.
The ADM 3 + 1 action with minimally coupled scalar
field leads to the reduced action and the reduced Hamil-
tonian and radial diffeomorphism constraints. These con-
straints are first class with an algebra that is similar to
that of the full theory [14].
We next impose the gauge choice Λ = 1, which cor-
responds to a step toward flat slice coordinates. With
this gauge condition, the Hamiltonian constraint is solved
(strongly) for the conjugate momentum PΛ as a function
of the phase space variables. This gives
PΛ = PRR+
√
(PRR)2 −X, (3)
where
X = 16R2(2RR′′ − 1 +R′2) + 16R2Hφ, (4)
and
Hφ =
P 2φ
2R2
+
R2
2
φ′2. (5)
The evolution equation for Λ [14] and the requirement
that the gauge Λ = 1 be preserved under it leads to fixing
of the lapse N as a function of the shift N r. Finally the
reduced gravitational Hamiltonian is
HGR =
∫ ∞
0
(N r)′
(
RPR +
√
(PRR)2 −X
)
dr
+
∫ ∞
0
N r(PRR
′ + Pφφ
′) dr, (6)
where the surface term in the reduced action has been
written as bulk term and combined with the remaining
radial diffeomorphism constraint. This is the reduced
system we quantize.
Quantization
We use the polymer quantization [16] which may be
viewed as the “dual” to that used in loop quantum grav-
ity. Its basic variables are
Rf =
∫ ∞
0
drf(r)R(r), Uλ(PR) = exp (iλPR) , (7)
where f(r) is a smearing function and λ is a real constant.
We use similar definitions for the variables made from φ
and Pφ. These satisfy the canonical Poisson bracket
{Rf , Uλ(PR(r))} = iλf(r)Uλ(PR(r)). (8)
This Poisson bracket is realized as an operator rela-
tion on a Hilbert space with basis states |a1, a2, · · · , an〉,
where the real numbers ai represent the radial field (R)
values at the radial lattice points ri. The inner product
is
〈a′1, a′2, · · · , a′n|a1, a2, · · · , an〉 = δa′1,a1 · · · δa′n,an , (9)
if two states are associated with the same lattice points; if
not the inner product is zero. For our purpose it suffices
to consider a fixed lattice, so the latter situation does not
arise. This inner product is background independent in
the same way as for example the inner product for the
Ising model; the difference is that for the latter there is a
finite dimensional spin space at each lattice point. With
the inclusion of matter the kinematical Hilbert space is
the tensor product of geometry and matter Hilbert spaces
with basis
| a1, . . . , aN︸ ︷︷ ︸
gravity
; b1, . . . , bN︸ ︷︷ ︸
matter
〉, (10)
In this quantization there are three lattices: the dis-
cretized three-manifold (the radial points r1 · · · rk) with
spacing lPλ, where lP is the Planck length, the gravity
configuration lattice with spacing ǫ, and the matter con-
figuration lattice κ.
A localized field may be defined by taking for example
f(r) in Eq. (7) to be a Gaussian or a smooth function
of a bounded support which sharply peaked (σ ≪ 1 in
the Gaussian case) at a radial point rk. We assume this
3in the following and set RG(rk) ≡ Rk, etc. With this
convention the basic geometry operators act as
Rˆk|a1, . . . , aN ; b1, . . . , bN〉
= 2l2Pak|a1, . . . , aN ; b1, . . . , bN〉, (11)
Uˆk(ǫ)|a1, . . . , aN ; b1, . . . , bN 〉
= |a1, . . . , ak − ǫ, . . . aN ; b1, . . . , bN〉 (12)
and the field operators act similarly on the corresponding
degrees of freedom.
It is readily verified that the commutator of these op-
erators is a faithful realization of the corresponding Pois-
son bracket. The parameter λ represents the discreteness
scale in field configuration space. There are similar defi-
nitions of the basic operators for the matter sector.
This representation is one in which the momentum op-
erator does not exist. There is however an alternative ǫ
dependent definition of momentum using the translation
operators, given by
PˆλR(rk) :=
1
2iǫ
(
Uˆǫ(PR(rk))− Uˆ †ǫPR((rk))
)
. (13)
With the above choice of the smearing functions the
commutators are
[Rˆk, Uˆl(ǫ)] = −2l2P ǫδklUˆl(ǫ), (14)
and
[φˆk, Vˆl(κ)] = −2l2PκδklVˆl(κ) (15)
Since Rˆk operators have zero in the spectrum (ie. there
are states such as |a1 · · · , ak = 0, · · ·an〉 that have zero
eigenvalue), there is no inverse operator and an indirect
definition is required. This is achieved by Poisson bracket
identities such as
{
√
|Rk|, Ul(ǫ)} = 1
2
√
|Rk|
iǫUl(ǫ)δkl, (16)
first noted by Thiemann. The operator
1̂
Rk
≡
(
2
2l2P ǫ
2
Uˆk(−ǫ)
[√
|Rˆk|, Uˆk(ǫ)
])2
(17)
depends on the field lattice spacing ǫ through its depen-
dence on the translation operators Uˆk. It it is diagonal
in the basis |a; b〉.
Turning to the terms with spatial derivatives we can
define operators using the convection
f ′(r)→ fk+1 − fk
lPλ
, f ′′(r)→ fk+1 − 2fk + fk−1
2l2Pλ
2
,
(18)
for any function fk. Lastly the lattice local observable
momentum operators is
PˆRk ≡ lP
2iǫ
(Uˆk(ǫ)− Uˆ †k(ǫ)), (19)
the squared momentum operator
Pˆ 2Rk ≡
l2P
ǫ2
(2 − Uˆk(ǫ)− Uˆ †k(ǫ)), (20)
and similar expression for the matter field momentum.
In constructing more complicated operators the ques-
tion of the operator ordering is important. One option is
a symmetric ordering. Another possibility is an order at
which, e.g., Rˆ is to the right of PˆR. It has an advantage
of annihilating the state of zero gravitational excitations.
Our next goal is to use the above definitions of basic
operators to give a prescription for the radial diffeomor-
phism constraint and the reduced Hamiltonian (6). The
main issue is the definition of the square root
√
Y in this
Hamiltonian, where
Y = (PRR)
2−R−16R2Hφ, R = 16R2(2RR′′−1+R′2).
(21)
Substituting for PΛ and computing its derivative we find
Cr = −P ′RR −
Y ′
2
√
Y
+ Pφφ
′ ≃ 0 (22)
If supplemented with the requirement Y > 0 (which is
the case for classical solutions), this is equivalent to
C = Y ′2/4− (Pφφ′ − P ′RR)2Y ≃ 0 (23)
In this form it does not contain a square root and it is now
straightforward to construct the corresponding operator
using the basic ones defined above.
The Hamiltonian is a surface term for which we need
to define an operator for PΛ. A direct quantization of
the Hamiltonian
Hˆphysk = N
r ′
k(P̂RR)k+|Yˆk|1/2+N rk
(
(P̂ ′RR)k + (P̂φφ
′)k
)
,
(24)
requires to define the action of |Yˆk|1/2. Since Yˆk is not
diagonal in the basis we are using, this operator is not
easy to define unless we go to a different basis. How-
ever, from the constraint Cr we see that classically on
the constraint surface we have
PΛ(r) =
∫ r
0
dr′(Pφφ
′ + PRR
′). (25)
This suggests that for physical states it is possible to
compute the energy by finding an operator analog of the
r.h.s. of this equation. Since the quantization we are
using utilizes a radial lattice we can write the integral as
a discrete sum over the lattice points rk. It is therefore
reasonable to suggest the definition
PˆΛk = λlP
k∑
i=1
[
(P̂φφ′)i + (P̂RR′i)
]
(26)
In order to use this operator we would first need to find
physical states |ψ〉P , ie. states that are annihilated by
4the operator analog of the constraint (23), and then com-
pute P 〈ψ|PˆΛk|ψ〉P . The energy of the quantum space-
time would be this expression evaluated at the farthest
lattice point from the origin, in keeping with the classical
definition where the energy
E = lim
r→∞
PΛ(r)N
r(r). (27)
We note that the asymptotic falloff of N r is determined
by the classical requirement of functional differentiability
[14], and this behavior of N r carries over to the quantum
theory.
Physical states and entanglement
Initial states of the gravity-matter system should sat-
isfy the quantum constraint
Cˆ|ψ〉 = 0, (28)
which is supplement by the requirement that |ψ〉 belongs
to the positive part of the spectrum of |Yˆ |. It remains
to be seen wether any of the operator ordering choices
allows for this to be satisfied on a sufficiently large set
of states, or if another realization of the constraint is
necessary to accomplish this. Nevertheless, it is already
possible to make a few remarks.
Firstly, in the case of pure gravity (φ = Pφ = 0), the
ordering that puts the Rˆ operator to the right results in
the operator form of the constraint (23) gives
Cˆ|0〉 =
(
Yˆ ′2/4− Pˆ ′2R Rˆ2Yˆ
)
|0〉 = 0, (29)
where |0〉 stands for the state with no excitations. This
may be viewed as a “degenerate metric vacuum” because
it is the eigenstate of the field operator Rˆk with zero
eigenvalue at all points rk.
Secondly, the presence of the matter-gravity terms in
the constraint turns it into entangling operator [1]. This
can be seen by considering the constraint the form of
Eq. (23). It splits into geometry “interaction” matter–
geometry parts, since the way we defined C removes a
matter term,
Cˆ = CˆG ⊗ 1M +
∑
α
CˆGα ⊗ CˆMα . (30)
The latter term contains monomials that involve gravity
and matter operators. Consider their action on the basis
states of the kinematical Hilbert space H = HG ⊗ HM .
The term PˆφkPˆRk serves as an example. Its action re-
sults in a direct product of entangled gravity and mat-
ter modes. However, adding different terms in the con-
straint results in a superposition of such direct product
states, and the constraint operator cannot be written as
Cˆ = CˆG⊗ CˆM . Some states of the form |ψ〉G⊗|ϕ〉M may
remain in a direct product form,
Cˆ (|ψ〉G|ϕ〉M ) = |ψ′〉G|ϕ′〉M . (31)
However, they do not span a linear space (of states that
remain direct product under the action of Cˆ), since their
superpositions are by definition entangled. Moreover, im-
position of the constraint reduces this set even further,
since now∑
α
CˆGα ⊗ CˆMα (|ψ〉G|ϕ〉M ) ∝ |ψ′〉G|ϕ〉M , (32)
must hold as well.
This entanglement of the gravitational and matter ex-
citations prevents the direct product gravity-matter de-
composition of a generic physical state. It remains to
be seen weather any physical states other than the “vac-
uum” |0〉 exist at all. As a result, the most basic formu-
lation of the information loss paradox “a pure state goes
to a mixed state” is physically untenable because it ig-
nores the entanglement generically present already at the
initial state stage. The same conclusion — “pure states
do not wear black” was argued for also in string theory
[17].
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